The non-perturbation and perturbation structures of the q-deformed probability currents are studied. According to two ways of realizing the q-deformed Heisenberg algebra by the undeformed operators, the perturbation structures of two q-deformed probability currents are explored in detail. Locally the structures of two perturbation q-deformed probability currents are different, one is explicitly potential dependent; the other is not. But their total contributions to the whole space are the same.
ability currents are investigated. The study of the perturbation q-deformed currents explores that the essential deviation of the q-deformed quantum mechanics from the ordinary quantum mechanics is in their local structure. The perturbation structures of the q-deformed probability currents in these two q-perturbation approaches are investigated in detail. In one approach the components of the q-deformed perturbation probability current possess different ranks, describing space derivatives of different order of the corresponding sub-current of different levels. Locally the structures of two perturbation q-deformed probability currents are different, one is explicitly potential dependent; the other is not. But their total contributions to the whole space are the same.
In the following we first review the background of the q-deformed dynamics. In terms of the q-deformed phase space variables -position and momentum operators X and P the following q-deformed Heisenberg algebra has been developed [2, 4] :
where X and P are hermitian and U is unitary: X † = X, P † = P , U † = U −1 . Compared to the Heisenberg algebra the operator U is a new member, called scaling operator. Necessity of introducing the operator U is as follows.
Simultaneous hermitian of X and P is a delicate point in the q-deformed dynamics.
Definition of algebra (1) is based on definition of the hermitian momentum operator P .
However, if X is assumed to be a hermitian operator in a Hilbert space the q-deformed derivative [4, 22] 
which codes non-commutativity of space, shows that the usual quantization rule P → −i∂ X does not yield a hermitian momentum operator. A hermitian momentum operator P is related to ∂ X and X in a nonlinear way by introducing a scaling operator U [4]
where∂ X is the conjugate of ∂ X . The operator U is introduced in the definition of the hermitian momentum, thus it closely relates to properties of dynamics and plays an essential role in the q-deformed quantum mechanics. Nontrivial properties of U imply that the algebra (1) has a richer structure than the Heisenberg commutation relation. In Eq. (1) the parameter q is a fixed real number. It is important to make distinctions for different realizations of the q-algebra by different ranges of q values [23] [24] [25] . Following Refs. [2, 4] we only consider the case q > 1 in this paper. The reason is that such choice of the parameter q leads to consistent dynamics. In the limit q → 1 + the scaling operator U reduces to a unit operator, thus the algebra (1) reduces to the Heisenberg commutation relation.
Such defined hermitian momentum P leads to the q-deformation effects, which are exhibited by the dynamical equation. Eq. (3) shows that the momentum P depends non-linearly on X and ∂ X . Thus the q-deformed Schrödinger equation is difficult to treat.
The perturbation treatment of the q-deformed Schrödinger equation is based on realizing the q-deformed operators X, P and U by undeformed variables. There are two pairs of undeformed variables [4] .
(I) Variablesx,p of the ordinary quantum mechanics, wherex,p satisfy:
The q-deformed operators X, P and U are related tox,p by:
. It is easy to check that such defined X, P and U satisfy Eq. (1).
(II) Variablesx andp of an undeformed algebra, which are obtained by a transformation
where
Such defined variablesx andp also satisfy undeformed algebra:
Though the transformation F −1 (ẑ) maintains the commutation relation [x,p] , the essential point is that it does not maintain the inner product ψ|φ . It is not clear whether F −1 (ẑ) leads to the same physical consequences in the (x,p) system and the (x,p) system. A detailed study of perturbation aspects in these two systems is necessary. The q-deformed operators X, P and U are related tox andp as follows:
with F −1 (z) defined by Eq. (6) for variables (x,p). From Eqs. (5)- (7) it follows that X, P and U satisfy Eq. (1). and Eq. (7) is equivalent to Eq. (4).
Now we first consider the non-perturbation probability current of the q-deformed dynamics.
The q-deformed phase space (X, P ) governed by the q-algebra (1) is a q-deformation of the phase space (x,p) of the ordinary quantum mechanics, thus all the machinery of the ordinary quantum mechanics can be applied to the q-deformed quantum mechanics. It means that dynamical equations of a quantum system are the same for the undeformed operators and for the q-deformed operators (X, P ). That is, the time-dependent Schrödinger equation with the q-deformed Hamiltonian H(X, P ) = 1 2µ
. Using Eqs. (2) and (3), we rewrite P 2 as
where η = (q 1/2 + q −1/2 ), then it follows that the q-deformed continuity equation of the probability conservation reads
where the position probability density ρ(X, t) = ψ * (X, t)ψ(X, t); the q-deformed probability current density is
Because of Eq. (8) the second term in Eq. (9) is written as
ψ(X, t). In the above ∂ X ψ(X, t) q is the q-deformed partial derivative with the bracket.
1 When q → 1 + , the scaling operator U reduces to the unit operator, thus the q-deformed current term j q reduces to the ordinary probability current
In the above S q is the q-deformed source term,
Similar to Eq. (9) the second term in Eq. (10) is written as
The local conservation of the probability requires that the source term S q should vanish. This inference can be drawn from the following considerations. It is noticed that when q → 1 + , in Eq. (10) the first term (1 + ηU +
. The same conclusion holds for the second term in Eq. (10). The q dependent operator U is 1 From Eq. (2) of the q-derivative it follows that
where the q-deformed partial derivative ∂ X X n q with the bracket is defined as
The q-deformed partial derivative for function f (x), which has well defined Tailor expansion, reads
Notice that in the first term the variable of the function f is qX. where the q-deformed partial derivative ∂ X f (X) q with the bracket is defined as
When q → 1 + the q-deformed partial derivative with the bracket reduces to undeformed one,
Notice again that in the second term the variable of the function f is qX. This leads to a involved structure of the q-deformed current.
introduced in the definition of the hermitian momentum P. For any value of the parameter q the momentum P should maintain the same physical property. This requires that for any value of the parameter q the operator U should be singularity free and maintain the same analytical property. Therefore a continuous variation of the parameter q does not change the real properties of the two terms in Eq. (10), the two terms exactly cancel each other which leads to S q = 0.
Now we discuss the perturbation q-deformed probability currents.
If the q-deformed quantum mechanics is a realistic physical theory at short distances much smaller than 10 −18 cm, its correction to the ordinary quantum mechanics must be extremely small in the energy range of nowadays experiments. This means that the parameter q must be extremely close to one, the perturbation investigation of the q-deformed dynamics is meaningful. So we can let q = e f = 1 + f + f 2 with 0 < f ≪ 1 and it is accurate enough in the perturbation expansion to the order f 2 .
In the (x,p) system from Eq. (4) it follows that X is represented as a non-linear function of (x,p):
Using Eq. (11), to the order f 2 , the perturbation expansion of X reads
For regular potentials V (X) which are singularity free, to the order f 2 in the perturbation expansion, such potentials can be expressed by the undeformed variables (x,p) as
where the perturbation Hamiltonian iŝ
In the (x,p) system using Eq. (7) the perturbation expansions of the momentum P and the kinetic energy P 2 /(2µ), to the order f 2 , read
where the perturbation Hamiltonian is
From Eqs. (13), (14), (16) and (17), it follows that the perturbation expansion of the q-deformed Hamiltonian H(X, P ) can be written down in the (x,p) system or the (x,p) system. In the (x,p) system we have
in the (x,p) system we have
In the above
is the corresponding undeformed Hamiltonian in the (ξ, κ) system, where (ξ, κ) represents (x,p) or (x,p).
Eqs. (14) and (17) show that the above two perturbation HamiltoniansĤ I (x,p) originate, separately, from the perturbation expansions of the potential and the kinetic energy. At the level of operator they are different.
In the (x,p) system, to the order f 2 , from the q-deformed Schrödinger equation with the Hamiltonians (19) , (20) and (17) we obtain
The terms with H un (x,p) lead to the undeformed current j un (x, t) = − i 2µ {ψ * (x, t)∂xψ(x, t)−
[∂xψ * (x, t)]ψ(x, t)} in the (x,p) system. The terms withH I (x,p) lead to the perturbation contribution of the q-deformed current. The perturbation structure of the q-deformed current is involved. As an example, we show the perturbation structure contributed by the
In the aboves (2) q1 (x, t) is the q-deformed probability source from the termsx 2 ∂ 4 x . Summing the total contributions ofH (q) I (x,p), we find that the contributions tos (2) q from the terms
x in Eq. (17) exactly cancel each other. Thus the q-deformed continuity equation of the probability conservation is
where the perturbation q-deformed currentj
The perturbation q-deformed currentj is a composed current with one sub-current J q0 . The composed current j q2 includes two sub-currents: the current J q2 and the effective sub-current J ef f q1 ≡ ∂xJ q2 . Thus j q2 can be written as j q2 = ∂ 2 x J q2 or j q2 = ∂xJ ef f q1 . The currents j q2 , J ef f q1 and J q2 are at different levels: the basic current J q2 is at the deepest level because it has not a substructure; j q2 is at the highest level because it has two substructures. The index i in j qi is called "rank" i, i.e. the "rank" refers to the number of the sub-currents included in j qi .
In the (x,p) system from Eqs. (18), (20) and (14), to the order f 2 , the corresponding perturbation q-deformed currentĵ (2) q (x, t) iŝ
Locally the structures ofĵ (2) q (x, t) andj (2) q (x, t) are different. The currentĵ (2) q (x, t) is explicitly potential dependent. But the potential is not explicitly included in the current j (2) q (x, t). Because the wave function ψ(x, t) is potential dependent, the currentj (2) q (x, t) is implicitly potential dependent.
A question arises: whether the two currentsĵ (2) q (x, t) andj (2) q (x, t) globally lead to the same result in physics? The question is answered by the following theorem.
Perturbation Equivalence Theorem of q-Deformed Currents The total contributions of the two currentsĵ (2) q (x, t) andj (2) q (x, t) to the whole space are the same. First we notice that for the eigenstate |ψ (0) n of the undeformed Hamiltonian H un ,
n , it is natural to assume that the structure of the undeformed wave function ψ q (x, t) and j (2) q (x, t), respectively, in configuration spacesx 0 andx 0 we obtain their total contributions to the whole space (for our purpose common numerical factor is not important)
q (x 0 , t)
un (x 0 , t)
In the undeformed stationary state |ψ (0) > we have
Using Eq. (29) and considering the cases of (m = 3, n = 2), (m = 2, n = 1), and (m = 1,
Putting these three equations in Eq. (28), shows that the integral of Eq. (28) is just the integral of Eq. (27).
Furthermore, it is clarified that the time evolution of the q-deformed dynamics and the perturbation shifts of the energy spectrum are the same in the (x,p) system and the (x,p) system [19] . We conclude that the (x,p) system and the (x,p) system are equivalent in describing the q-deformed dynamics.
In the ordinary quantum theory, there is only a trivial transformation of canonical variables (x, p) which remains commutation relations. But unlike the ordinary quantum theory, in the q-deformed quantum theory there is a non-trivial transformation among two pairs of the undeformed variables which remains the commutation relations. The operator system and the (x,p) system are equivalent. It is interesting to clarify that though locally the structures of two q-deformed perturbation probability currents are different, but their total contributions to the whole space are the same.
The structures of the perturbation q-deformed currents show that the essential deviation of the q-deformed quantum mechanics from the ordinary quantum mechanics is in their local structure. Further exploration of novel local properties in the q-deformed quantum mechanics is promising.
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